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Abstract 
In the present paper we establish a fixed point theorem for polish spaces for W-distance. 
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1. Introduction and Preliminaries  
Definition 1.1: A metric space (𝑋, 𝑑) is said to a polish space, if it is satisfying the following condition: 
(i) 𝑋 is complete, 
(ii) 𝑋 is separable 
Definition 1.2: Let (𝑋, 𝑑) be a Polish Space and let 𝐹 and 𝐺 be a mapping from Ω × 𝑋 → 𝑋 and 𝑤 ∈ Ω be a 
selector. The mapping 𝐹 and 𝐺 will be called weakly commuting iff 
𝑑(𝐹𝐺𝑥(𝑤), 𝐺𝐹𝑥(𝑤)) ≤ 𝑑(𝐹𝑥(𝑤), 𝐺𝑥(𝑤)),     for all  𝑥 ∈ 𝑋. 
Definition 1.3: Let (𝑋, 𝑑) be a Polish Space and let 𝑝 be a mapping from (Ω × 𝑋) × (Ω × 𝑋) → [0,∞). The 
mapping 𝑝 be called w-distance on 𝑋 if 
(i) 𝑝(𝑥(𝑤), 𝑦(𝑤)) ≤ 𝑝(𝑥(𝑤), 𝑧(𝑤)) + 𝑝(𝑧(𝑤), 𝑦(𝑤))  for 𝑥, 𝑦, 𝑧 ∈ 𝑋 
And 𝑤 ∈ Ω be a selector. 
(ii) For any  𝑥 ∈ 𝑋, 𝑝(𝑥(𝑤), . ) → [0,∞) is a lower semi-continuous and  
(iii)  For any 𝜀 > 0, there exists 𝛿 > 0 such that  
                𝑝(𝑧(𝑤), 𝑥(𝑤)) ≤ 𝛿 and 𝑝(𝑧(𝑤), 𝑦(𝑤)) ≤ 𝛿 imply  𝑝(𝑥(𝑤), 𝑦(𝑤)) ≤ 𝜀  
               For any  𝑥, 𝑦, 𝑧 ∈ 𝑋,𝑤 ∈ 𝛺 be a selector.     
In the present paper we prove a common fixed point theorem for three self mappings of a polish metric 
space with w-distance. 
2.    Main result 
Theorem 2.1: Let 𝐹 be a self mapping and 𝐺 and 𝐻 be continuous self mappings of Polish metric space (𝑋, 𝑑) 
with a w-distance 𝑝 satisfying the conditions: 
(i) 𝐹𝑋 ⊂ 𝐺𝑋 ∩ 𝐻𝑋 
(ii) 𝑝(𝐹𝑥(𝑤), 𝐹𝑦(𝑤)) ≤ 𝛼
𝑝3(𝐺𝑥(𝑤),𝐹𝑥(𝑤))−𝑝3(𝐻𝑦(𝑤),𝐹𝑦(𝑤))
[𝑝(𝐺𝑥(𝑤),𝐹𝑥(𝑤))+𝑝(𝐺𝑥(𝑤),𝐹𝑦(𝑤))].[𝑝(𝐺𝑥(𝑤),𝐹𝑥(𝑤))−𝑝(𝐻𝑦(𝑤),𝐹𝑦(𝑤))]
    




                                                    +𝛾
𝑝2(𝐻𝑦(𝑤),𝐹𝑥(𝑤))+𝑝2(𝐺𝑥(𝑤),𝐹𝑦(𝑤))
𝑝(𝐺𝑥(𝑤),𝐹𝑥(𝑤))+𝑝(𝐺𝑥(𝑤),𝐹𝑦(𝑤))
                 
                      For all 𝑥, 𝑦 ∈ 𝑋  where 𝛼, 𝛽, 𝛾 > 0, 𝛼 + 𝛽 + 𝛾 <
1
4
  and 𝑤 ∈ Ω be a selector. 
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(iii) {𝐹, 𝐺} and {𝐹, 𝐻} are weakly commuting pair. 
Then 𝐹, 𝐺 and 𝐻 have a unique common fixed point in 𝑋. 
Proof: Let 𝑥0(𝑤) be an arbitrary point in 𝑋. Then 𝐹𝑥0(𝑤) ∈ 𝑋. Since 𝐹𝑋 ⊂ 𝐺𝑋 there exist a point 𝑥1(𝑤) ∈ 𝑋 
such that 𝐹𝑥0(𝑤) = 𝐺𝑥1(𝑤). Since 𝐹𝑋 ⊂ 𝐻𝑋  there exist a point 𝑥2(𝑤) ∈ 𝑋  such that 𝐹𝑥1(𝑤) = 𝐻𝑥2(𝑤). In 
general one can choose point 𝑥2𝑛+1(𝑤) and 𝑥2𝑛+2(𝑤) such that 
                                   𝐹𝑥2𝑛(𝑤) = 𝐺𝑥2𝑛+1(𝑤)  and 𝐹𝑥2𝑛+1(𝑤) = 𝐻𝑥2𝑛+2(𝑤), for 𝑛 = 0,1,2,3, … .. 
𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) = 𝑝(𝐹𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛(𝑤))   





   








































   










+ 𝛾𝑝2(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛+1(𝑤))   
                                    ≤ 𝛼 [
𝑝2(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝
2(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))
+𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)). 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))
]  
                                    
+𝛽[𝑝2(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝
2(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))] + 𝛾𝑝
2(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  
                                    ≤ 𝛼 [
{𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))}
2
−{𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)). 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))}
]  
                                    +𝛽[𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))]
2
  
                                    +𝛾[𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))]
2
  
 𝑝2(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ (𝛼 + 𝛽 + 𝛾)[𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))]
2
              
 𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ √(𝛼 + 𝛽 + 𝛾)[𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))]             
 𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤
√(𝛼+𝛽+𝛾)
1−√(𝛼+𝛽+𝛾)
 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))  
 𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ 𝑘 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))                       
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< 1  with  √(𝛼 + 𝛽 + 𝛾) > 0 
Similarly, 
𝑝(𝐹𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+2(𝑤)) < 𝑘 𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤))     
In general,  
𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) < 𝑘
𝑛 𝑝(𝐹𝑥0(𝑤), 𝐹𝑥1(𝑤))  
Now, we shall prove that {𝐹𝑥𝑛(𝑤)}  is a Cauchy Sequence. Since  lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0,  it is 
sufficient to show that the sequence  {𝐹𝑥2𝑛(𝑤)} is a Cauchy Sequence. Suppose that {𝐹𝑥2𝑛(𝑤)} is not a Cauchy 
Sequence. Then there is 𝜖 > 0 such that for each integer 2𝑘, 𝑘 = 0,1,2, … there even integers 2𝑛(𝑘) and 2𝑚(𝑘) 
with          2𝑘 ≤ 2𝑛(𝑘) ≤ 2𝑚(𝑘) such that 
                               𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤)) > 𝜖                                                                                   (2.1.1) 
Let for each even integer 2𝑘, 2𝑚(𝑘) be the least exceeding 2𝑛(𝑘) and satisfying (2.1.1). Therefore 
              𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)−2(𝑤)) ≤ 𝜖                                                                                                (2.1.2) 
Then for each even integer 2𝑘, we have from (2.1.1) 
𝜖 < 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤))  
   ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)−2(𝑤)) + 𝑝 (𝐹𝑥2𝑚(𝑘)−2(𝑤), 𝐹2𝑚(𝑘)−1(𝑤)) + 𝑝 (𝐹𝑥2𝑚(𝑘)−1(𝑤), 𝐹2𝑚(𝑘)(𝑤))    
 Using (2.1.2) and lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0, we have 
lim𝑘→∞ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤)) = 𝜖                                                                                                    (2.1.3) 
If follows immediately from the triangular inequality that  
|𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)−1(𝑤)) − 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))| ≤ 𝑝 (𝐹𝑥2𝑚(𝑘)−1(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))    
                                                                                                               +𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤)) 
Using (2.1.3), and lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0, we get 
𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)−1(𝑤)) → 𝜖                                                                                                      (2.1.4) 
Now  
𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤)) ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤)) + 𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))  
           ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))  
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          ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))        




   






   




            
          ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))  




   




   




                                                            
Using (2.1.3), (2.1.4) and lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0 we have            
⟹ 𝜀 ≤ 2𝛾𝜖  
This is a contradiction. Hence {𝐹𝑥𝑛(𝑤)} is a Cauchy Sequence and then by completeness of 𝑋, there is a point 
𝑧(𝑤) ∈ 𝑋 such that 𝐹𝑥𝑛(𝑤) → 𝑧(𝑤). 
Since the sequence {𝐺𝑥2𝑛+1(𝑤)} and {𝐻𝑥2𝑛(𝑤)} are subsequences of  {𝐹𝑥𝑛(𝑤)}, they have the same limit 𝑧(𝑤). 
Since 𝐺 and 𝐻 are continuous, we have 𝐺𝐻𝑥2𝑛(𝑤) → 𝐺𝑧(𝑤)  and 𝐻𝐺𝑥2𝑛+1(𝑤) → 𝐻𝑧(𝑤).   
Now, 
𝑝(𝐺𝐻𝑥2𝑛(𝑤), 𝐻𝐺𝑥2𝑛+1(𝑤)) = 𝑝(𝐺𝐹𝑥2𝑛−1(𝑤), 𝐻𝐹𝑥2𝑛(𝑤))  
                                   
≤ 𝑝(𝐺𝐹𝑥2𝑛−1(𝑤), 𝐹𝐺𝑥2𝑛−1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛−1(𝑤), 𝐹𝐻𝑥2𝑛(𝑤)) + 𝑝(𝐹𝐻𝑥2𝑛(𝑤), 𝐻𝐹𝑥2𝑛(𝑤)) 
Using condition (2.1-(iii)), the weak commutative pair of {𝐹, 𝐺} and {𝐹, 𝐻}, we get, 
𝑝(𝐺𝐻𝑥2𝑛(𝑤), 𝐻𝐺𝑥2𝑛+1(𝑤)) ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛−1(𝑤), 𝐹𝐻𝑥2𝑛(𝑤))  
                                                +𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤)) 
                         ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  








    









Mathematical Theory and Modeling                                                                                                                                                  www.iiste.org 
ISSN 2224-5804 (Paper)    ISSN 2225-0522 (Online) 
Vol.5, No.2, 2015 
 
65 





+  𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤))  
                     ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  







   





   





+  𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤))  
                     ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  






































                     +𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤))   
Letting 𝑛 → ∞, we get 
𝑝(𝐺𝑧(𝑤), 𝐻𝑧(𝑤)) ≤ 𝑝(𝑧(𝑤), 𝑧(𝑤))  

































+ 𝑝(𝑧(𝑤), 𝑧(𝑤))  
𝑝(𝐺𝑧(𝑤), 𝐻𝑧(𝑤)) ≤ 2𝛾𝑝(𝐻𝑧(𝑤), 𝐺𝑧(𝑤))  
This is contradiction. Therefore 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
Now, we shall prove that  𝐹𝑧(𝑤) = 𝐺𝑧(𝑤). 
Consider 
𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝐺𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛+1, 𝐹𝑧(𝑤))   
By the weak commutatively of  {𝐹, 𝐺}, we have 
𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  
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                                    ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  





   












                                   ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  


























                                        
Letting 𝑛 → ∞, we get 
𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝑧(𝑤), 𝑧(𝑤))  
























𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤)) ≤ (𝛼 + 𝛽 + 𝛾)𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤))  
This is contradiction. Hence 𝐺𝑧(𝑤) = 𝐹𝑧(𝑤). 
Thus 𝐹𝑧(𝑤) = 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
It now follows that  
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Taking limit 𝑛 → ∞, we get 











⇒ 𝑝(𝐹𝑧(𝑤), 𝑧(𝑤)) ≤ 2𝛾𝑝(𝑧(𝑤), 𝐹𝑧(𝑤))   
This is a contradiction and therefore 𝐹𝑧(𝑤) = 𝑧(𝑤) = 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
Thus 𝑧(𝑤) is a common fixed point of 𝐹, 𝐺 and 𝐻. 
Uniqueness: Let 𝑢(𝑤) be another point of  𝐹, 𝐺 and 𝐻. Then  
𝑝(𝑧(𝑤), 𝑢(𝑤)) = 𝑝(𝐹𝑧(𝑤), 𝐹𝑢(𝑤))  












                          ≤ 𝛼
𝑝2(𝐺𝑧(𝑤),𝐹𝑧(𝑤))+𝑝2(𝐻𝑢(𝑤),𝐹𝑢(𝑤))+𝑝(𝐺𝑧(𝑤),𝐹𝑧(𝑤)).𝑝(𝐻𝑢(𝑤),𝐹𝑢(𝑤))
[𝑝(𝐺𝑧(𝑤),𝐹𝑧(𝑤))+𝑝(𝐺𝑧(𝑤),𝐹𝑢(𝑤))]
   


















𝑝(𝑧(𝑤), 𝑢(𝑤)) ≤ 2𝛾𝑝(𝑢(𝑤), 𝑧(𝑤))  
This is a contradiction. Hence   𝑧(𝑤) = 𝑢(𝑤). 
This completes the proof of the theorem. 
 
Theorem 2.2: Let 𝐹 be a self mapping and 𝐺 and 𝐻 be continuous self mappings of Polish metric space (𝑋, 𝑑) 
with a w-distance 𝑝 satisfying the conditions: 
(i) 𝐹𝑋 ⊂ 𝐺𝑋 ∩ 𝐻𝑋 



















    
For all 𝑥, 𝑦 ∈ 𝑋  where 0 < 𝛼 <
1
4
  and 𝑤 ∈ Ω be a selector. 
(iii) {𝐹, 𝐺} and {𝐹, 𝐻} are weakly commuting pair. 
Then 𝐹, 𝐺 and 𝐻 have a unique common fixed point in 𝑋. 
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Proof: Let 𝑥0(𝑤) be an arbitrary point in 𝑋. Then 𝐹𝑥0(𝑤) ∈ 𝑋. Since 𝐹𝑋 ⊂ 𝐺𝑋 there exist a point 𝑥1(𝑤) ∈ 𝑋 
such that 𝐹𝑥0(𝑤) = 𝐺𝑥1(𝑤). Since 𝐹𝑋 ⊂ 𝐻𝑋 there exist a point 𝑥2(𝑤) ∈ 𝑋 such that 𝐹𝑥1(𝑤) = 𝐻𝑥2(𝑤). In 
general one can choose point 𝑥2𝑛+1(𝑤) and 𝑥2𝑛+2(𝑤) such that 
                                  𝐹𝑥2𝑛(𝑤) = 𝐺𝑥2𝑛+1(𝑤)  and 𝐹𝑥2𝑛+1(𝑤) = 𝐻𝑥2𝑛+2(𝑤), for 𝑛 = 0,1,2,3, … .. 
𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) = 𝑝(𝐹𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛(𝑤))   
                        























     













































𝑝2(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ 𝛼𝑝
2(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛+1(𝑤))   
𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ (
√𝛼
1−√𝛼
) 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))  
𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤)) ≤ 𝑘 𝑝(𝐹𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛(𝑤))  
Where 𝑘 = (
√𝛼
1−√𝛼





𝑝(𝐹𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+2(𝑤)) < 𝑘 𝑝(𝐹𝑥2𝑛(𝑤), 𝐹𝑥2𝑛+1(𝑤))     
In general,  
𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) < 𝐾
𝑛 𝑝(𝐹𝑥0(𝑤), 𝐹𝑥1(𝑤))  
Now, we shall prove that {𝐹𝑥𝑛(𝑤)} is a Cauchy Sequence. Since lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0, it is 
sufficient to show that the sequence  {𝐹𝑥2𝑛(𝑤)} is a Cauchy Sequence. Suppose that {𝐹𝑥2𝑛(𝑤)} is not a Cauchy 
Sequence. Then there is 𝜖 > 0 such that for each integer 2𝑘, 𝑘 = 0,1,2, … there even integers 2𝑛(𝑘) and 2𝑚(𝑘) 
with 2𝑘 ≤ 2𝑛(𝑘) ≤ 2𝑚(𝑘) such that 
                               𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤)) > 𝜖                                                                                      (2.2.1) 
Let for each even integer 2𝑘, 2𝑚(𝑘) be the least exceeding 2𝑛(𝑘) and satisfying (2.2.1). Therefore 
              𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)−2(𝑤)) ≤ 𝜖                                                                                                  (2.2.2) 
Then for each even integer 2𝑘, we have from (2.2.1) 
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𝜖 < 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤))  
   ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)−2(𝑤)) + 𝑝 (𝐹𝑥2𝑚(𝑘)−2(𝑤), 𝐹2𝑚(𝑘)−1(𝑤)) + 𝑝 (𝐹𝑥2𝑚(𝑘)−1(𝑤), 𝐹2𝑚(𝑘)(𝑤))   
Using (2.2.2) and lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0, we have 
lim𝑘→∞ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹2𝑚(𝑘)(𝑤)) = 𝜖                                                                                                      (2.2.3) 
If follows immediately from the triangular inequality that  
|𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)−1(𝑤)) − 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))| ≤ 𝑝 (𝐹𝑥2𝑚(𝑘)−1(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))    
                                                                                                               +𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤)) 
Using (2.2.2), we get 
   𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)−1(𝑤)) → 𝜖                                                                                                      (2.2.4) 
Now  
𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤)) ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤)) + 𝑝 (𝐹𝑥2𝑛(𝑘)+1(𝑤), 𝐹𝑥2𝑚(𝑘)(𝑤))  
                                                ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))  










































     
                                              ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))  











































                                          ≤ 𝑝 (𝐹𝑥2𝑛(𝑘)(𝑤), 𝐹𝑥2𝑛(𝑘)+1(𝑤))  
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Using (2.2.3), (2.2.4) and lim𝑛→∞ 𝑝(𝐹𝑥𝑛(𝑤), 𝐹𝑥𝑛+1(𝑤)) = 0 we have            
⟹ 𝜀 ≤ 2𝛼𝜖  
This is a contradiction. Hence {𝐹𝑥𝑛(𝑤)} is a Cauchy Sequence and then by completeness of 𝑋, there is a point 
𝑧(𝑤) ∈ 𝑋 such that 𝐹𝑥𝑛(𝑤) → 𝑧(𝑤). 
Since the sequence {𝐺𝑥2𝑛+1(𝑤)} and {𝐻𝑥2𝑛(𝑤)} are subsequences of  {𝐹𝑥𝑛(𝑤)}, they have the same limit 𝑧(𝑤). 
Since 𝐺 and 𝐻 are continuous, we have 𝐺𝐻𝑥2𝑛(𝑤) → 𝐺𝑧(𝑤)  and 𝐻𝐺𝑥2𝑛+1(𝑤) → 𝐻𝑧(𝑤).   
Now, 
𝑝(𝐺𝐻𝑥2𝑛(𝑤), 𝐻𝐺𝑥2𝑛+1(𝑤)) = 𝑝(𝐺𝐹𝑥2𝑛−1(𝑤), 𝐻𝐹𝑥2𝑛(𝑤))  
                                  
≤ 𝑝(𝐺𝐹𝑥2𝑛−1(𝑤), 𝐹𝐺𝑥2𝑛−1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛−1(𝑤), 𝐹𝐻𝑥2𝑛(𝑤)) + 𝑝(𝐹𝐻𝑥2𝑛(𝑤), 𝐻𝐹𝑥2𝑛(𝑤))  
Using condition (2.2-(iii)), the weak commutative pair of {𝐹, 𝐺} and {𝐹, 𝐻}, we get, 
𝑝(𝐺𝐻𝑥2𝑛(𝑤), 𝐻𝐺𝑥2𝑛+1(𝑤)) ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛−1(𝑤), 𝐹𝐻𝑥2𝑛(𝑤))  
                                              +𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤)) 
                                             ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  





























     
             + 𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤)) 
              ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  



























             
             + 𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤))   
             ≤ 𝑝(𝐺𝑥2𝑛−1(𝑤), 𝐹𝑥2𝑛−1(𝑤))  
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      +𝑝(𝐹𝑥2𝑛(𝑤), 𝐻𝑥2𝑛(𝑤))   
Letting 𝑛 → ∞, we get 
𝑝(𝐺𝑧(𝑤), 𝐻𝑧(𝑤)) ≤ 𝑝(𝑧(𝑤), 𝑧(𝑤))  













































𝑝(𝑧(𝑤), 𝑧(𝑤))  
𝑝(𝐺𝑧(𝑤), 𝐻𝑧(𝑤)) ≤ 2𝛼𝑝(𝐻𝑧(𝑤), 𝐺𝑧(𝑤))  
This is contradiction. Therefore 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
Now, we shall prove that  𝐹𝑧(𝑤) = 𝐺𝑧(𝑤). 
Consider 
𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝐺𝑥2𝑛+1(𝑤)) + 𝑝(𝐹𝐺𝑥2𝑛+1, 𝐹𝑧(𝑤))   
By the weak commutatively of  {𝐹, 𝐺}, we have 
𝑝(𝐺𝐹𝑥2𝑛+1(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  




























                             ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  
























                            ≤ 𝑝(𝐺𝑥2𝑛+1(𝑤), 𝐹𝑥2𝑛+1(𝑤))  
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                      Letting 𝑛 → ∞, we get 
𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤)) ≤ 𝑝(𝑧(𝑤), 𝑧(𝑤))  






























 𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤)) ≤ 𝛼𝑝(𝐺𝑧(𝑤), 𝐹𝑧(𝑤))  
This is contradiction. Hence 𝐺𝑧(𝑤) = 𝐹𝑧(𝑤). 
Thus 𝐹𝑧(𝑤) = 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
It now follows that  




















   




















Taking limit 𝑛 → ∞, we get 



















𝑝(𝐹𝑧(𝑤), 𝑧(𝑤)) ≤ 2𝛼𝑝(𝑧(𝑤), 𝐹𝑧(𝑤))   
This is a contradiction and therefore 𝐹𝑧(𝑤) = 𝑧(𝑤) = 𝐺𝑧(𝑤) = 𝐻𝑧(𝑤). 
Thus 𝑧(𝑤) is a common fixed point of 𝐹, 𝐺 and 𝐻. 
Uniqueness: Let 𝑢(𝑤) be another point of  𝐹, 𝐺 and 𝐻. Then  
𝑝(𝑧(𝑤), 𝑢(𝑤)) = 𝑝(𝐹𝑧(𝑤), 𝐹𝑢(𝑤))  
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𝑝(𝑧(𝑤), 𝑢(𝑤)) ≤ 2𝛼𝑝(𝑢(𝑤), 𝑧(𝑤))  
This is a contradiction. Hence   𝑧(𝑤) = 𝑢(𝑤). 
This completes the proof of the theorem. 
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